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FIG. 1: a) Schematic view of the S/TI/S junction. b) Dc
current, c) real part, and d) imaginary part of the first har-
monic of the ac current as a function of applied bias for various
transparencies. Here I∆ = GN∆/e with GN = De2/h.

where s = ± and ν = {ε, i,α} labels an incoming state
with positive energy ε, from the lead i = l, r, and of the
type α = e, h.
Due to multiple Andreev reflections [9], scattering

states correspond to a superposition of states with energy
ε+ 2neV (n integer). For instance, the wave function of
an incoming electron (e) with energy ε from the left (l)
lead can be written in the form

Φel
ε (0, t) = J

∑

n
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and
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e−i[ε+(2n+1)eV ]t (2b)

to the left (x = 0) and the right (x = L) of the junction,
respectively. Here, an(ε) = a(ε + neV ), where

a(ε) =
1

∆

{

ε− i
√
∆2 − ε2, |ε| < ∆,

ε− sign(ε)
√
ε2 −∆2, |ε| ≥ ∆,

(3)

is the Andreev reflection amplitude, and the prefactor
J(ε) =

√

1− |a(ε)|2 is set by the normalization of the
wavefunction.
The exchange field M leads to backscattering of right

movers into left movers (and vice versa). This process is
described by unitary scattering matrices

Se =

(

r t
t −r∗t/t∗

)

and Sh =

(

−r∗ t∗

t∗ rt∗/t

)

(4)

for electrons and holes, respectively, that are character-
ized by a transmission probability D = |t|2. In the short
junction limit L $ v/∆ – where L is the distance be-
tween the leads – and assuming M % ∆, one obtains
D = [1 + sinh2(LM/v)]−1 [8].
The scattering matrices relate the coefficients

An, Bn, Cn, Dn through the set of equations

(

Bn

Cn

)

= Se

(

δn,0 + a2nAn

a2n+1Dn

)

, (5a)

(

An

Dn−1

)

= Sh

(

a2nBn

a2n−1Cn−1

)

, (5b)

that can be solved numerically [13].
Assuming that the incoming quasiparticles states are

occupied according to the equilibrium distribution at
temperature T in the leads, the average current I(t) =
〈Î(t)〉 in the stationary regime [14] takes the form

I(t) =
∑

n

Ine
i2neV t, (6)

where

In =
e

h

{

DeV δn0 −
∫

dε tanh
ε

2T
J2

[

a∗2nA
∗
n + a−2nA−n +

∑

m

(1 + a∗2(m+n)a2m)
(

A∗
m+nAm −B∗

m+nBm

)

]}

. (7)

In Fig. 1, we plot the numerical results at T = 0 for the
dc current I0(V ) as well as the real and imaginary part of
the first harmonic I1(V ) (at the conventional Josephson
frequency).

Let us first discuss the dissipative current I0(V ). For
a transparent junction (D = 1), the current flowing
through the junction is exactly half of the current of a
perfectly transmitting conventional Josephson junction.

This is not surprising as the BdG Hamiltonians for both
systems are identical in the absence of backscattering –
however, in conventional junctions, there are two copies
of that Hamiltonian. As V → 0, the dissipative current
reaches the same value (2/π)Ic, where Ic = (e/2!)∆ is
the critical current of the junction.

At finite backscattering (D < 1), we find that I0 van-
ishes in the limit V → 0. This current suppression can
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Non-equilibrium Josephson effect through helical edge states
Driss M. Badiane, Manuel Houzet, and Julia S. Meyer

SPSMS, UMR-E CEA / UJF-Grenoble 1, INAC, Grenoble, F-38054, France

A - Motivations

! 2D-topological insulators (TI) admit robust helical edge states with
up spins propagating in one direction and down spins in the opposite
direction [1].
! Hybrid structures involving superconductors and 2D-TI are expected
to support zero energy Majorana bound states (MBS) [2].
! Recent studies predict a fractional Josephson effect at half the con-
ventional Josephson frequency (ωJ/2 = eV/!) [3].

In the framework of Landauer-Büttiker formalism we investigate the
out-of-equilibrium properties of an S/TI/S junction. We show that:

! MBS signatures are visible in the dc current,

! the fractional Josephson effect is not visible in the average current,

! but it can be seen in the finite frequency current noise.

B - The model: equilibrium properties

D: transmission probability

Josephson junction between two s-wave
superconductors connected through a TI:

H = vpσzτz +M(x)σx +∆(x)eiφ(x)τzτx

M(x) is a Zeeman field in the junction,
∆(x) and φ(x) are the amplitude and phase
of the superconducting order parameter.

! Andreev bound states:
S/TI/S for comparison: S/N/S
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ε±(φ) = ±∆
√
D cos (φ/2) ε±(φ) = ±∆

√

1−D sin2 (φ/2)
4π-periodic 2π-periodic

Current carried by the Andreev states: I± = 2e∂ε±(ϕ)∂ϕ .

φ(t) = 2eV t/! =⇒ I ∝ sin(eV t/!) ?

C - Out of equilibrium properties: current

Applied bias voltage induces multiple Andreev reflections (MAR):
wave function for an incoming electron:

Φel
ε (0, t) = J

∑

n









δn0 + a2nAn

An

Bn

a2nBn









e−i(ε+n2eV )t/!, 2eV

magnetic barrier characterized by scattering matrices:

Se =

(

r t′

t r′

)

, Sh =

(

−r∗ t′∗

t∗ −r′∗

)

, D = |t|2

Amplitudes in the scattering states can be obtained numerically by a set of
recursive relations [4].

In terms of these amplitudes the current is given by: I(t) =
∑

n Ine
in2eV t,

In =
e

h

{

DeV δn0 −
∫

dε tanh
ε

2T
J2

[

a∗2nA
∗
n + a−2nA−n

+
∑

m

(1 + a∗2(m+n)a2m) (A
∗
m+nAm −B∗

m+nBm)

]}

DC current:

! Subgap structures at eV = ∆/n,
(in S/N/S at eV = ∆/2n)

! tunnel current onset at eV = ∆
(in S/N/S at eV = 2∆)

Tunnel limit shows a clear signature of MBS:

I tun0 (V ) = (eD/h)

∫

dε ν(ε)ν(ε− eV )[f (ε− eV )− f (ε)],

where ν(ε) is the Normalized DOS on each side of the junction:

ν(ε) = π∆δ(ε) + θ(|ε|−∆)
√

ε2 −∆2/|ε|.
AC current:

I1(V → 0) → 0 and I1(D → 0) → 0

. Q: Absence of an ac Josephson effect?

D - Current noise: probe of 4π-periodicity

Frequency dependent current noise:

S(ω) =

∫

dτeiωτ〈{δÎ(t), δÎ(t+τ )}〉,

where δÎ(t) = Î(t) − I(t), and the bar de-
notes a time averaging.
! Peak at ω = eV/! as a consequence of
the 4π-periodicity.

Broadening of the peak due to dynamical coupling between the bound state
and continuum.

! Tunnel limit: Stun(ω) = e
∑

± I tun0 (V ± !ω/e) coth[(eV ± !ω)/2T ]

E - Conclusion and perspectives

! Clear signatures of the MBS: MAR features at eV = ∆/n,

! peak at ω = eV/! in the frequency dependent current noise.
(arXiv:1108.3870)

! characteristic time scales for the coupling between the bound state and the
continuum?

! more realistic models?
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Non-equilibrium Josephson effect through helical edge states
Driss M. Badiane, Manuel Houzet, and Julia S. Meyer

SPSMS, UMR-E CEA / UJF-Grenoble 1, INAC, Grenoble, F-38054, France

A - Motivations

! 2D-topological insulators (TI) admit robust helical edge states with
up spins propagating in one direction and down spins in the opposite
direction [1].
! Hybrid structures involving superconductors and 2D-TI are expected
to support zero energy Majorana bound states (MBS) [2].
! Recent studies predict a fractional Josephson effect at half the con-
ventional Josephson frequency (ωJ/2 = eV/!) [3].

In the framework of Landauer-Büttiker formalism we investigate the
out-of-equilibrium properties of an S/TI/S junction. We show that:

! MBS signatures are visible in the dc current,

! the fractional Josephson effect is not visible in the average current,

! but it can be seen in the finite frequency current noise.

B - The model: equilibrium properties

D: transmission probability

Josephson junction between two s-wave
superconductors connected through a TI:

H = vpσzτz +M(x)σx +∆(x)eiφ(x)τzτx

M(x) is a Zeeman field in the junction,
∆(x) and φ(x) are the amplitude and phase
of the superconducting order parameter.

! Andreev bound states:
S/TI/S for comparison: S/N/S
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1−D sin2 (φ/2)
4π-periodic 2π-periodic

Current carried by the Andreev states: I± = 2e∂ε±(ϕ)∂ϕ .

φ(t) = 2eV t/! =⇒ I ∝ sin(eV t/!) ?

C - Out of equilibrium properties: current

Applied bias voltage induces multiple Andreev reflections (MAR):
wave function for an incoming electron:

Φel
ε (0, t) = J

∑

n
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magnetic barrier characterized by scattering matrices:

Se =

(

r t′

t r′

)

, Sh =

(

−r∗ t′∗

t∗ −r′∗

)

, D = |t|2

Amplitudes in the scattering states can be obtained numerically by a set of
recursive relations [4].

In terms of these amplitudes the current is given by: I(t) =
∑

n Ine
in2eV t,

In =
e

h

{

DeV δn0 −
∫

dε tanh
ε

2T
J2

[

a∗2nA
∗
n + a−2nA−n

+
∑

m

(1 + a∗2(m+n)a2m) (A
∗
m+nAm −B∗

m+nBm)

]}

DC current:

! Subgap structures at eV = ∆/n,
(in S/N/S at eV = ∆/2n)

! tunnel current onset at eV = ∆
(in S/N/S at eV = 2∆)

Tunnel limit shows a clear signature of MBS:

I tun0 (V ) = (eD/h)

∫

dε ν(ε)ν(ε− eV )[f (ε− eV )− f (ε)],

where ν(ε) is the Normalized DOS on each side of the junction:

ν(ε) = π∆δ(ε) + θ(|ε|−∆)
√

ε2 −∆2/|ε|.
AC current:

I1(V → 0) → 0 and I1(D → 0) → 0

. Q: Absence of an ac Josephson effect?

D - Current noise: probe of 4π-periodicity

Frequency dependent current noise:

S(ω) =

∫

dτeiωτ〈{δÎ(t), δÎ(t+τ )}〉,

where δÎ(t) = Î(t) − I(t), and the bar de-
notes a time averaging.
! Peak at ω = eV/! as a consequence of
the 4π-periodicity.

Broadening of the peak due to dynamical coupling between the bound state
and continuum.

! Tunnel limit: Stun(ω) = e
∑

± I tun0 (V ± !ω/e) coth[(eV ± !ω)/2T ]

E - Conclusion and perspectives

! Clear signatures of the MBS: MAR features at eV = ∆/n,

! peak at ω = eV/! in the frequency dependent current noise.
(arXiv:1108.3870)

! characteristic time scales for the coupling between the bound state and the
continuum?

! more realistic models?
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 !  current & noise expressed in terms of (normalized) edge density of states 
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DC bias: 
 
•  average current: 

          no AC current!  
(zero anomalous Green function at the edges) 

•  finite-frequency noise: 

         peak *#((ω / eV 
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DC + AC bias: 
 
•  average DC current: 

   no Shapiro steps! 
   photo-assisted current  

•  zero-frequency noise: 
 

      peaks at even frequencies  eVdc = k& 
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